Results of our recent highly accurate computations of the Coulomb two-center systems with the unit electrical charges X + X + e − and X + Y + e − are discussed. In particular, we have determined (to very high accuracy) the total energies of the ground 1sσ−states in the two-center adiabatic (or molecular) H + 2 , D + 2 , HD + , HT + , T + 2 and DT + ions. In these computations we applied the new masses of hydrogen isotopes, which have been measured in the recent high-energy experiments.
I. INTRODUCTION
In this study we discuss our recent results of highly accurate computations performed for the ground (bound) 1sσ−states in the two-center, quasi-adiabatic (or quasi-molecular) ions with the unit elecrical charges. Below we shall designate these three-body Coulomb ions by using the notations X + X + e − (for symmetric systems) and X + Y + e − (for non-symmetric systems). In atomic physics such two-center, adiabatic ions with one bound electron are called the hydrogen-like molecular ions. The label 'two-center', or 'adiabatic', means that the masses of the two heavy, positively charged particles X and Y are much larger than the electron mass m e (or mass of the third (negative) particle), i.e., M X ≫ m e and M Y ≫ m e . Actual three-body adiabatic ions, which correspond to this two-center notation, are the H + 2 , D + 2 , HD + , HT + , T + 2 and DT + ions. In modern high-enery physics and also in nuclear physics one finds a number of heavy particles A + which have positive (and unit) electrical charges and different masses and which are able to form a number of bound (or stable) two-center ions with usual neutral hydrogen (or protium), deuterium and/or tritium atoms.
The newly fomed two-center ions can be deisnated as (pAe) + , (dAe) + and (tAe) + ions, respectively. This explains an increasing interest to the two-center, one-electron systems with very heavy nuclear masses which are heavier and even significantly heavier, than the masses of regular hydrogen isotopes, including deuterium and tritium. For theoreticalpurposes we also consider the two-center Coulomb three-body ions with arbitrary nuclear masses, including very heavy and extremely heavy hydrogen-like nuclei with the unit electric charges.
This allows us to investigate the upper mass-ratio limit and overall accuracy which our highly accurate exponential expansion in the relative and/or perimetric coordinates can provide for such one-electron molecular ions.
Currently, there are two interesting aspects of studying adiabatic approximation for fewbody systems: (a) applications to a large number of actual atomic (or molecular) systems, or systems with real (or realistic) atomic nuclei, and (b) improvement of the upper mass limit(s) known for our and other quasi-atomic variational expansions which were recently applied for highly accurate computations of the adiabatic few-body systems. In this study we investigate these two problems by analysing the two different groups of adiabatic (or two-center), one-electron ions. Below, for simplicity, we restrict ourselves to the analysis of the ground 1sσ−states in the two-center X + X + e − and X + Y + e − ions only. Analysis of other bound states, i.e., rotationally and vibrationally bound states, in these three-body ions can be performed analogously, but in this study we do not want to discuss complications which arise for those states. Note only that the ground 1sσ−states in the two-center X + X + e − and X + Y + e − ions have been considered in our earlier papers [1] , [2] . Analogous problems were considered in a number of earlier studies (see, e.g., [11] - [8] ). Some of the problems discussed below were also considered in some books and textbooks (see e.g., [9] and [10] ).
However, Hans Bethe decided not to include discussion of the adiabatic (or two-center), one-electron ions in their famous book [11] on one-and two-electron atomic systems.
In this study we want to re-calculate the total energies and other bound state properties of the one-electron H + 2 , D + 2 , HD + , HT + , T + 2 and DT + ions by using the most recent experimental masses known for these three hydrogen isotopes -protium H + (or p), deuterium D + (or d) and tritium T + (or t). These masses are m p = 1836.15263789 m e , m d = 3670.48296785m e , m t = 5496.92153588 m e (1) where the notation m e stands for the electron mass. These numerical values of particle masses have been determined in recent high-energy experiments. In particular, these masses are recomended by NIST (2019) for use in scientific research. Note also that it is very convenient to perform numerical calculations of all hydrogen molecular ions in atomic units and then re-calculate results of such calculations to electrono-Volts and/or to other units which are used in modern atomic and molecular physics. To perform such re-calculations, we need to use the doubled Rydberg constant which equals 2Ry = 27.211386018 eV and the rest mass of electron which equals m e = 0.510 998 9461 MeV /c 2 . These values of m e and 2Ry are closely related to each other, since the condition 2Ry = α 2 m e c 2 , where α is the fine-structure constant α = 7.297352568·10 −3 , is always obeyed.
The second problem discussed in this study is the overall accuracy of adiabatic approximation. For Coulomb three-body systems the adiabatic approximation is often called the two-center approximation. To achieve our goal in this direction we perform highly acurate computations of some model adiabatic systems which have very heavy nuclear masses. Below, these ions are designated by the general notation X + X + e − , where M X ≥ 100,000 m e . It is clear that we cannot find such three-body ions with unit electrical charges in everyday life.
Moreover, even in modern high-enery experiments it is very difficult to create (and observe) very heavy nuclear particles, i.e., nuclei, or quasi-nuclei, with the unit electrical charges.
Almost all such particles have very short life-times, and this makes practically impossible an experimental observation of the X + X + e − ions in which the nuclear mass of the point particle (or nuclei) X + exceeds 25,000 m e . In this study we discuss such ions in order to understand (and explain) some peculiarities of the bound state energy spectra in two-center, molecular ions. Also, by analyzing these heavy two-center, one-electron systems we want to derive and test our original mass-asymptotic formula which is based on our results and can be applied to arbitrary adiabatic and symmetric X + X + e − ions.
II. ADIABATIC DIVERGENCE IN QUANTUM THREE-BODY PROBLEM
We begin our analysis from a brief discussion of the adiabatic divergence which play an important role in the general theory of quantum-mechanical three-body systems. The adiabatic divergence was discovered for a number of three-body variational expansions which were successfully applied earlier to various atomic, qausi-atomic and other 'regular' Coulomb three-body systems, including the so-called 'democratic' three-body systems, where all three particle masses are comparable to each other and there is no heavy, positively charged (or central) particle. At the end of 1980's it became finally clear that a large number of very effective and highly accurate methods developed for the both 'democratic' and one-center
Coulomb systems are practically useless in applications to the two-center Coulomb systems.
In other words, these methods were found to be inaccurate, slow convergent and ineffective, if they are applied to the adiabatic (or two-center) Coulomb systems, such as H + 2 , D + 2 , HD + , HT + , DT + and T + 2 molecular ions. Here we want to discuss this problem in detail, but first of all we need to investigate the principal sources of the adiabatic divergence in Coulomb three-body systems. To achieve this goal let us consider the Hamiltonian(s) of such systems. In this study we restrict our analysis to the Coulomb three-body systems with unit electric charges. However, it is clear that adiabatic divergence can also be found in other few-body systems, including Coulomb systems/ions with arbitrary electrical charges and systems with non-Coulomb interaction potentials. Indeed, the main source of adiabatic divergence is located in the kinetic energy of each three-body system (see below). Therefore, a few possible changes in the interaction potentials will not change our main conclusion.
All systems of interest in this study, can be designated as the (XXe) + and (XY e) + ions, where e (or e − ) is the electron, while X + and Y + are the two heavy nuclei of hydrogen isotopes. To simplicity analysis of such systems below we discuss only the ground (bound) 1sσ−states in the both adiabatic (XXe) + and (XY e) + ions. Classification of bound states in the both adiabatic (XXe) + and (XY e) + ions is well explained in the literature (see, e.g., [12] ) and here we do not want to repeat it. In the non-relativistic approximation the Hamiltonian H of the (XY e) + system in the relative coordinates r 32 , r 31 and r 21 takes the following form (in atomic units) 
where the particles 1 and 2 are the two heavy X + and Y + nuclei, e.g., the nuclei of the hydrogen isotopes p, d and/or t, while the light particle 3 is the electron (e − ). The three scalar relative coordinates r 32 , r 31 and r 21 are discussed in detail in the next Section.
As follows from Eq.(2) in the adiabatic (or two-center) limit, when m 1 → ∞ and m 2 → ∞ (or min(m 1 , m 2 ) → +∞), all terms which contain derivatives in respect to the r 21 
which coincides with the Hamiltonian of the model pure-adiabatic ∞ H + 2 ion, where the both nuclei are assumed to be infinitely heavy, or immovable. This two-center ∞ H + 2 ion is oneelectron system has an infinite number of bound states. However, there is a fundamental difference between the bound state spectrum of this ion and usual energy spetra of neutral atoms and/or positively charged atomic ions. This difference is discissed in the Appendix A.
Note that the limiting, pure adiabatic Hamiltonian H a does not contain the ∂ ∂r 21 derivative. Therefore, if min(m 1 , m 2 ) → ∞, then the internuclear variable r 21 = R becomes an additional parameter of the three-body problem. In other words, the r 21 = R distance, i.e., the distance between the two heavy X + and Y + particles, does not change during any possible electron's motion in such a system and cannot be considered as an actual coordinate in this problem. In normal physical language this phenomenon is explained by the fact that the both atomic nuclei in the (XY e) + system become heavier and heavier. The motion of these heavy nuclei begin to differ from the 'regular' motion of particles in 'regular' Coulomb three-body systems. For very heavy nuclei X + and Y + their motion is completely separated from the motion of electron. Now, we have to note that all 'atomic' variational expansions cannot describe such a separation of nuclear and electron motions in the adiabatic (or twocenter) (XY e) + ions, i.e., these 'atomic' expansions are not flexible enough. This means that we need to modify such variational expansions in order to conduct highly accurate bound state computations of the two-center (XY e) + ions. This problem is considered in the next Section.
III. EXPONENTIAL VARIATIONAL EXPANSION FOR THE ADIABATIC

TWO-CENTER SYSTEMS
As mentioned above all highly accurate computations in this study have been performed with the use of our exponential variational expansion written in the relative and/or perimetric coordinates [1] , [2] . Originally, the exponential variational expansion was developed [13] and applied for highly accurate computations of the bound state spectra in various atomic and quasi-atomic three-body systems, such as the two-electron Ps − , H − , Li + , Be 2+ ions, muonic (ppµ) + ion and neutral He atom(s). For these and similar three-body systems the exponential variational expansions in the relative and/or perimetric coordinates provide very high numerical accuracy, great flexibility and sufficient simplicity in computations. The exponential variational expansion in the relative coordinates takes the form Ψ(r 32 , r 31 , r 21 In reality, to perform such an optimization in Eq.(5) the three-body relative coordinates r ij are not very convenient, since they are not trully independent and six additional condi-
, must always be obeyed for three relative coordinates. These conditions drastically complicate optimization of the non-linear parameters in Eq.(5), since instead of real optimization of the non-linear parameters one needs to check a large number of additional conditions at each step of the procedure. Fortunately, there is a different coordinate system for an arbitrary three-body system which is based on a different set of three scalar three-body coordinates which are completely independent of each other and each of them varies between 0 and +∞. These coordinates are the three-body perimetric coordinates u 1 , u 2 and u 3 defined below. This means that by using these perimetric coordinates we represent the original three-dimensional space of scalar interparticle distances r 32 , r 31 , r 21 as a direct product of three orthogonal and one-dimensional spaces each of which correspond to one perimetric coordinate u i only (here i = 1, 2, 3). For some interaction potentials, e.g., for the both Coulomb and harmonic potentials, applications of these three perimetric coordinates u 1 , u 2 and u 3 allows one to find even analytical solutions of the corresponding three-body problem(s) (see, e.g., [14] ).
Such a unique combination of properties of the three-body perimetric coordinates u 1 , u 2 and u 3 (independence and variation between 0 and +∞) make them almost perfect coordinates for analytical considerations and numerical computations of an arbitrary, in principle, three-body problem in Quantum and/or Classical Mechanics. Note that the perimetric coordnates were introduced in modern physics by C.L. Pekeris [15] , but, in fact, these coordinates were around for a few thousadns years. In particular, they were known to Hero of Alexandria, and many of us used his famous formula, which can also be written in perimetric coordinates [16] , in old-fashioned (or pre-internet) schools to determine the area of a triangle using only the lengths of its edges (or ribs). Very likely, that Archimedes already knew and successfully used the same formula 200 years earlier. Relations between the relative and perimetric coordinates are simple (even linear)
where r ij = r ji . The Jacobian J = ∂(r 32 ,r 31 ,r 21 ) ∂(u 1 ,u 2 ,u 3 ) of the (r 32 , r 31 , r 21 ) → (u 1 , u 2 , u 3 ) transformation (or substitution) of variables equals 2. As mentioned above these three perimetric coordinates u 1 , u 2 , u 3 are truly independent of each other and each of them varies between 0 and +∞. This drastically simplifies analytical and numerical computations of all three-body integrals which are needed for numerical solution of the corresponding eigenvalue problem and for evaluation of a large number of bound state properties in an arbitrary three-body system. The three-body exponential variational expansion in perimetric coordinates (for bound states with L = 0) takes the form
where α i , β i , γ i , δ i , e i and f i are the 6N− non-linear parameters of this expansion. These parameters are obviously different from analogous parameters used in Eq. (5) . In actual applications the three last non-linear parameters (i.e., the δ i , e i , f i parameters) in each of the basis function in Eq. (7) can be chosen as arbitrary real numbers (each of them can be either positive, or negative, or zero), while the first three non-linear parameters α i , β i , γ i must always be positive real numbers. It is also clear that the radial set of exponential basis functions must be a complete set. From here one finds three additional conditions for the α i , β i , γ i parameters. In general, it can be shown that the basis of exponential 'radial' functions, used in Eq. (7), is complete, if (and only if) the three series of inverse powers of the non-linear parameters are divergent, i.e., the three following sums (or series):
Note that these three conditions do not complicate the actual optimization of all non-linear parameters in Eq. (7).
An obvious success of the exponential variational expansion, Eq. (7), in applications to various three-body systems is based on very large numbers of carefully optimized non-linear parameters and creative strategy which was used for such an optimization. In general, there are quite a few different strategies which can be applied during optimization of the nonlinear parameters in Eq. (7) . In this study we use our two-stage optimization strategy of the non-linear parameters in trial wave functions developed in [14] . The two-stage strategy includes two equaly important steps: (a) very careful and accurate optimization of the nonlinear parameters in the short-term wave function, and (b) optimization of the non-linear parameters in the rest of this trial wave function which is often called the tail. Usually, the tail of highly accurate variational wave function contains a few thousand terms. At the first stage we optimize each non-linear parameter in the short-term wave function [17] .
The tollerance parameter for similar computations is ≈ 1 · 10 −7 , or even smaller. Each non-linear parameter is determined (or optimized) to such an accuracy and then our code start to optimize another (next) non-linear parameter. When optimization of all non-linear 6N 0 parameters in the short-term wave function is finished, then the whole procedure is repeated from the very beginning. In general, optimization process for the short-term cluster function is repeated quite a few times, e.g., until the difference between the total energies determined with this short-term wave functions and some 'exact' (or predicted) numerical value is less than ε1 · 10 −17 a.u. Then we start optimization of the non-linear parameters in the tail part of trial wave functions is described in detail in [14] . Currently, there are some alternative strategies for optimization of the non-linear parameters in Eq. (7) which are faster and more flexible. However, it is always important to remeber that very fast and accurate optimization of the non-linear parameters at earlier stages of this procedure often leads to the linear dependencies of basis functions at later stages.
IV. HIGHLY ACCURATE COMPUTATIONS OF THE ACTUAL AND REALIS-TIC HYDROGEN MOLECULAR IONS
As mentioned above the experimental masses of protium, deuterium and tritium have been changed noticeably, since our previous papers were published in 2003 [18] and even recently [1] , [2] . In general, all particle masses are always revised in numerous experiments which are conducted almost permanently. In this study by using the new 'experimental' masses, mentioned in the Introduction, we have determined the total energies of the ground 1sσ−states in all hydrogen molecular ions known (and stable) in nature, i.e., in the oneelectron H + 2 , D + 2 , HD + , HT + , T + 2 and DT + ions. The total energies of these two-center (or molecular), one-electron H + 2 , D + 2 , HD + , HT + , T + 2 and DT + ions can be found in Table  I . Note that these ions play a great role in analysis of many problems known from stellar, atomic and molecular physics, and our new highly accurate calculations of these ions with the new nuclear masses are of certain interest in these areas.
As follows from Table I the actual differences (in total energies) for the adiabatic molecular ions with the 'new' and 'old' nuclei of hydrogen isotopes used in this study ('new') and in our earlier papers ('old') [1] , [2] and [18] are small. However, such differences are quite noticeable in modern experiments and they can lead to some deviations between experimental results and theoretical predictions. Therefore, our bound state computations for these ions have to be very accurate (or at least as accurate as possible). After finish of all such computations we could stabilize 21 -23 decimal digits for the total energies of the ground 1sσ−states in three light H + 2 , D + 2 and HD + ions. For heavier molecular ions, e.g., for the T + 2 ion, we can guarantee ≈ 20 -21 stable decimal digits for the total energies. Table I also shows convergencies of the total energies of the ground 1sσ−states of these ions upon the total number N of basis functions (or exponents) used in Eq. (7) . Comparison of the results from Table I with analogous results obtained for these two-center H + 2 , D + 2 , HD + , HT + , T + 2 and DT + ions in our earlier studies [1] , [2] allows one to evaluate the corresponding mass-gradients, i.e., the ∂ ∂Mp , ∂ ∂M d and ∂ ∂Mt derivatives of the total energies for each of these ions. The rigorous definition of these mass gradients is
where ∆ k is the small correction to the mass M k and k = 1 (or p), 2 (or d), 3 (or t). These mass-gradients are important values, since they can be used to predict changes in the total energies, if the new particle masses are applied for bound state computations of these two- Table I . This and other similar reactions of ionization of different isotope-substituted hydrogen molecules are always occur in the laboratory and tokamakgenerated plasmas, i.e., plasmas which are needed to investigate various problems related to the nuclear fusion.
Table II contains our highly accurate results for the total energies of the ground 1sσ−states in a number of realistic hydrogen-like molecular ions which are similar to the actual H + 2 , D + 2 and T + 2 ions considered above. The mass of the heavy X + particle in these realistic two-center X + X + e − ions varies between 1,000 m e and 20,000 m e . Highly accurate data for these ions shown in Table II are needed to construct our accurate mass-interpolation formula discussed in the next Section. This mass-interpolation formula can be applied to approximate the total energies of the new two-center X + X + e − ions which are often observed in modern high-energy experiments.
To conclude this Section let us discuss (very briefly) our results of highly accurate computations of the bound state properties of the actual H + 2 , HD + , D + 2 , HT + , DT + and T + 2 ions. In general, if we know the wave function Ψ of an arbitrary bound state in some quantum system, then we can determine the following expectation value the electron e − . The properties shown in Table III include the r k ij expectation values, where the powers of these interparticle (ij)-distances are k = -2, -1, 1 and 2, while (ij) = (32) (= (31)) and (21) for the symmetric (ppe) + and (dde) + ions and (ij) = (32), (31) and (21) for the non-symmetric (pde) + and (pte) + ions. In Table III we also included the expectation values of all electron-nucleus delta-functions δ 31 and δ 32 , the 'reduced' (i.e., mass-independent) values of single particle kinetic energies − 1 2 ∇ 2 i of all particles and a few other properties. Since our code for such numerical computations with arbitrary arithmetic precision was not used for almost twenty years and we have made a number of changes in it, then we wanted to check this code in calculations of the actual hydrogen molecular ions with the 'old' particle masses. Therefore, all our results in Table III have been obtained for the following masses of the hydrogen isotopes: M p = 1836.152701 m e , M d = 3670.483014 m e and M t = 5496.92158 m e . Coincidence the 'old' and 'new' results for these ions can be considered as excelent, which indicate clearly that our modified code for the bound state propeties is working. Note that all numerical calculations for this study have been performed with the use of the extended arithmetic precision (software written and later modified by David H. Bayley [19] , [20] ). Table III is clear from the notation used. In particular, the notation τ ij desigtnates the cosine−functions between the two corresponding inter-particle vectors, i.e.,
Physical meaning of other bound state properties shown in
where (i, j, k) = (1, 2, 3). It can be shown that for an arbitrary three-body system the sum of three cosine in arbitrary three-body systems is always represented in the form
where τ 32 = τ 31 for symmetric systems, while the expectation value f is written in the
The notation δ 3k (where k = 1, 2) stands for the electron-nuclear delta-functions, while the notation ν 3k (k = 1, 2) denotes the electron-nuclear cusps which is defined as follows
It is the relative velocity of the two point particles (3 and k in our case) at the collision point. For all Coulomb systems (and systems with exponential and Yukawa-type interaction potentials) the numerical values of all interparticle cusps can be determined analytically. For the Coulomb X + Y + e − ions such an expected (or theoretically predicted) cusp value is (see, e.g., [25] )
where Q k and M k are the electric charge (expressed in e) and mass (expressed in m e ), respectively, of the nucleus k. Direct comparison of the computed and predicted cusp values is a very good test for the quality of wave function used. As follows from Table III all Note that there are other bound state properties which can be computed in a few different ways. Numerical coincidence of these properties, i.e., the corresponding expectation values computed differently, can also be used to test the overall accuracy of our variational wave functions. In three-body systems one can generate a large number of usefull examples by using some basic relations between Cartesian coordinates of the three particles, e.g., r ij + r jk + r ki = 0. From here one finds r 2 ij = r 2 ik + r 2 jk − 2r jk · r ik , and therefore, for the expectation values the following equalities r 2 ij = r 2 ik + r 2 jk −2 r jk ·r ik are always obeyed. Analogous equalities can be derived for the third, fourth, fifth and other higher powers n of the polynomial (r ij + r jk + r ki ) n = 0. The same method can be applied to the equality which expresses the conservation of momentum in any three-body system, i.e., p 1 + p 2 + p 3 = 0, and therefore, (p 1 + p 2 + p 3 ) n = 0. Another approach which is often used to produce a large number of similar relations between different expectation values is based on the following equation which is true for an arbitrary (non-singlar) operator A
This statement is often called the Fock-Hirschfelder theorem, since Fock proved it for the virial operator A = V = N i=1 r i · p i in an arbitrary N−particle system (see discussion and references in [21] ), while Hirschfelder [22] later generalized this theorem for arbitrary quan- A number of bound state properties of the symmetric p + p + e − (or H + 2 ), d + d + e − (or D + 2 ) and t + t + e − (or T + 2 ) ions are presented in Table IV . In calculations of the bound state properties for Table IV we have used the nuclear masses of hydrogen isotopes mentioned in Introduction. Note that the bound state properties of the T + 2 ion have never beed determined in earlier studies. Numerical values of all bound state properties presented in Table IV are accurate, but not highly accurate. Therefore, corrections of these properties in future works are likely. The current numerical values allow one to understand the overall geometry and basic quantum-mechanical properties of these three ions.
V. ON ACCURATE COMPUTATIONS OF THE MODEL HYDROGEN MOLEC-ULAR IONS WITH VERY HEAVY NUCLEAR MASSES
Thus, we have determined (to very high accuracy) the total energies of some real and realistic adiabatic H + 2 -like ions known in atomic physics. In these calculations we applied our modified exponential expansion, Eq. (7), in three-body perimetric coordinates u 1 , u 2 and u 3 , which was originally developed for highly accurate computations of bound states in the one-center atomic systems and analogous systems/ions which have no central particle et al. Successfull applications of our exponential variational expansion, Eq. (7), to various two-center molecular ions indicates clearly that we have developed an universal variational expansion for all non-relativistic three-body systems with the finite and realistic masses of particles (that goal was formulated in [23] ). In this Section we want to make one step beyond the actual mass-limits and consider what happend with our variationl expansion, Eq. (7), if it is applied for bound state computations of the model, very heavy two-center ions with the unit electrical charges. In other words, our goal in this Section is to determine the total energies of the ground 1sσ−states in a number of the two-center molecular X + X + e − ions with very heavy nuclei, e.g., M X ≥ 100,000 m e . This problem was considered, in part, in our earlier study [2] . In that parer by using the total energies computed for a number of model molecular ions we derived the accurate mass-interpolation (or mass-asymptotic) formula which can be applied to evaluate the total energies of all similar molecular X + X + e − ions, including heavy and very heavy ions. However, the actual accuracy of our mass-asymptotic formula has never been tested for the heavy and very heavy X + X + e − ions, since in [2] we could not perform direct numerical computations of such heavy ions.
In this Section we determine the total energies of the ground (bound) 1sσ−states in a number of model X + X + e − ions where the nuclear mass M X varies between 25,000 m e and 10,000,000 m e . Results of our numerical calculations (in a.u.) can be found in Table V . It was expected, that the maximal accuracy of our method will decrease, when the nuclear mass M X increases. Let us evaluate the rate at which our method losses its overall accuracy for heavy and very heavy adiabatic three-body X + X + e − ions. In other words, we want to find the threshold mass M X after which our method cannot be appled for highly accurate (and even for accurate) computations of bound states in the model two-center X + X + e − ions. As follows from Table V such a threshold for highly accurate computations is located somewhere around M X ≈ 100,000 m e . Actually, in current version of our computational method we do not optimize carefully all non-linear parameters. Futhermore, the total number of optimized non-linear parameters in our method can substantially be increased (see discussion in [14] ).
These can be achieved in future computations. Very likely, by using these and a few other tricks we can increase the mass-limit of highly accurate computations by our method to M X ≈ 300,000 m e and, probably, to larger masses. For analogous computations of less accuracy, e.g., for accurate calculations, or for calculations with moderate accuracy, the corresponding threshold masses are shifted to he area of larger masses (see Table V ).
Our results shown in Table V have different numerical accuracy, and, in general, such a level of accuracy depends upon the mass of heavy X + particle. In particular, the results obtained for different X + X + e − ions with very large masses of the X + particle indicate clearly that our exponential variational expansion in perimetric coordinates, Eq. (7), allows one to obtain accurate (but not highly accurate) numerical results for the adiabatic X + X + e − ions, where the mass M X varies between ≈ 300,000 m e and ≈ 1,000,000 m e . Now, it is interesting to check our interpolation formula derived in [2] for the total energies of some adiabatic two-center X + X + e − ions. As it was shown in [2] such a mass-interpolation formula for the adiabatic X + X + e − ions is based on the Puiseux series, and it can be written in the form
where K a is the maximal number of terms used in this series which can be either finite, or infinite. The parameter q is the Puiseux number (or Puiseux parameter) which equals 4 in our case. The correct choice of this parameter is discussed in detail in [2] where we have noticed that the coefficients C 0 , C 1 , . . . , C k , . . . in Eq.(16) take their minimal numerical values, if (and only if) the Puiseux number q is correct. This criterion was used in [2] to determine the correct Puiseux number (q = 4) for the adiabatic (or two-center) systems [2] .
This result coindides with the Puiseux number obtained by Born and Openheimer [24] when they introduced the adiabatic (or Born-Openheimer) approximation. It is also clear that the first term (or C 0 ) in the right-hand side of this formula coincides with the total energy of the ground (bound) 1sσ−state in the true adiabatic ∞ H + 2 ion (non-perturbed system, where 1 M X = 0), i.e., C 0 = E( ∞ H + 2 ) = E(∞) ≈ -0.60263421 44949464 6150905(5) a.u. [2] .
Numerical values of the following eight coefficients in this formula are (for q = 4):
By using these coefficients determined in [2] in our asymptotic formula, Eq.(16), we have evaluated the total energies of a number of heavy two-center X + X + e − ions, where the nuclear mass of particle X + equals (or exceeds) 100,000 m e [2] . However, at that time it was difficult to perform direct numerical computations of these very heavy, two-center X + X + e − ions. Since then, we could solve all problems with the code and obtain some additional computational resources from sharcnet.ca. Finally, we could finish all direct calculations of the heavy and very heavy two-center X + X + e − ions. Now, we can compare our earlier predictions (see Table V in [2] ) with the results of direct variational computations of these ions which are presented in Table V . Such a comparison of our earlier predictions and direct variational results indicates clearly, that our mass-asymptotic formula is correct and accurate even for very heavy two-center X + X + e − ions. For instance, for the heavy two-center X + X + e − ion with M X = 50,000 m e our mass-asymptotic formula, Eq.(16), produces ≈ 11 exact decimal digits for the total energy of the ground (bound) 1sσ−state. For analogous systems with heavier nuclear masses such a coincidence can be observed in 9 -10 decimal digits (e.g., for the X + X + e − ions with M X = 100,000 m e and M X = 300,000 m e ). Even for extremely heavy X + X + e − ions with M X ≥ 1,000,000 m e the actual agreement is still good (6 -7 correct decimal digits in the total energies). Very likely, our mass-asymptotic formula, Eq.(16), is substantially more accurate, since our results of direct variational calculations obtained for all systems are always lower then the numerical values produced for these systems by the formula, Eq.(16).
VI. RESULTS AND DISCUSSIONS
In this study we have performed highly accurate computations of the total energies of the ground (bound) 1sσ−states for a number of adiabatic (or two-center), one electron X + X + e − and X + Y + e − ions. To determine the total energies of such three-body systems to very high accuracy we modified our exponential variational expansions in the relative and perimetric coordinates, respectively. The modified exponential variational expansion was found to be very effective, numerically stable and quite flexible for highly accurate computations of all real and realistic molecular ions. By using this expansion we have determined the total energies of the ground (bound) 1sσ−states in the two-center H + 2 , D + 2 , HD + , HT + , T + 2 and DT + ions. In all such computations we applied the most recent masses of hydrogen isotopes measured in modern experiments. Almost all bound state properties of these ions can also be determined to high accuracy with the use of our exponential variational expansion in the relative and/or perimetric coordinates. However, some problems still remain in numerical computations of the nuclear-nuclear delta-function δ(r 21 ) (or δ(R)), nuclear-nuclear cusp ν 21 and some other expectation values which include such a delta-function.
Our computational method can also be used for highly accurate computations of the model very heavy model two-center X + X + e − and X + Y + e − ions. Based on this fact we investigated a number of problems known for adiabaic, two-center systems. In particular, we determine the actual adiabatic threshold for our exponential variational expansion, Eq. (7), which was found to be equal M = min(M X , M Y ) ≈ 100,000 m e . Also, we derived an accurate mass-interpolation (or mass-extrapolation, or mass-asymptotic) formula, Eq.(16) for the total energies of the ground (bound) 1sσ−states in the adiabatic (or two-center) X + X + e − ions. This formula can be applied to the two-center, one-electron X + X + e − ions which are located beyond the actual (or true) adiabatic threshold known for our exponential variational expansion, Eq.(7), e.g., to the X + X + e − ions each of which contains two positively charged particles X + with masses M X ≥ 500,000 m e . The total energies obtained for the ground (bound) 1sσ−states with this interpolation formula have been compared with the results of our direct variational computations. This comparison indicates clearly that our accurate mass-interpolation formula, Eq.(16), provides a very good accuracy for all heavy and very heavy X + X + e − ions.
In conclusion, we want to note that for highly accurate computations of very heavy the currently known abiabatic mass-limit M X of our (modified) exponential variational expansion to larger masses, e.g., to the M X ≈ 5,000,000 m e -10,000,000 m e values.
However, we have to note again that highly accurate computations of similar, very heavy ions present only a very restricted, pure academic interest. Moreover, these computations can be performed more cheaply by other machinery, e.g., by the methods which have specifically been developed for pure adiabatic (or two-center), one-electron ions. Another interesting question which has not been discussed in this study is a higher symmetry of the pure adiabatic X + X + e − and X + Y + e − ions with extremely heavy X + and Y + nuclei.
In fact, in such systems we have one additional quantum operator which commutes with the Hamiltonain of the system, i.e., this operator is conserved. This operator is responsible for complete separation of electron's variables in the prolate and/or oblate spheroidal coordinates ξ, η, φ. In other words, when we perform a smooth transition from the actual H + 2 ion to the pure adiabatic ∞ H + 2 ion the actual symmetry of these three-body systems (or ions) increases. Furthermore, in addition to this actual (but relatively poor) symmetry for pure-adiabatic Coulomb system with one bound electron one finds a very reach 'hidden' symmetry, which allows one to represent all solutions of the pure adiabatic (or two-center) problems as the products of two hydrogenic wave functions, i.e., two wave functions of hydrogen atoms, considered in the complex Cartesian space (see, e.g., [29] , [30] , [31] ). This interesting problem will be discussed in our next study.
Appendix A
In this Appendix we want to discuss (very briefly) the general classification of bound state spectra in the Coulomb three-body systems, including atoms, ions and exotic systems.
It is clear that the type of energy spectrum of bound states depends upon electrical charges and masses of particles. First, consider Coulomb three-body systems with the unit electrical charges which can be designated as A + B + C − (or A − B − C + ). Some of these systems, e.g., the µ + µ − e − ion, have empthy spectra of bound states. The well known Ps − ion has only one bound (ground) 1 1 S(L = 0)−state, while the three-body (ppµ) + muonic ion has two bound states: one ground S(L = 0)−state and one P (L = 1)−state which is the rotationally excited state. Analogous (ddµ) + ion has already five bound states: two S(L = 0)−states, two P (L = 1)−states and one D(L = 2)−state. The vibrationally excited (or excited) P (L = 1)−state in this ion is weakly-bound. For the heavier (ttµ) + ion one finds six bound states, since one additional F (L = 3)−state is also stable, and none of them is weaklybound. In the molecular (or two-center) (ppe) + , (dde) + and (tte) + ions the total numbers of bound states vary between many dozens (for the (ppe) + ion) and a few hundreds (for the (tte) + ion). Based on these data we can say that the trend is obvious: if the masses of heavy particles (X and Y ) in the both (X + X + e − ) + and (X + Y + e − ) + ions increase, the number of bound states in these ions also increases. For truly adiabatic (or two-center), very heavy (X + X + e − ) + and (X + Y + e − ) + ions the total number of bound states can be very large, e.g., a few thousands. Based on these facts, we can assume that for the two-center ions with the infinte masses of these two particles, i.e., for the ∞ H + 2 ion, the total number of bound states must be infinite. In other words, we are dealing with the transition from the systems which have finite bound state spectra to the truly adiabatic three-body ∞ H + 2 ion which has an infinite number of bound states.
In detail, this problem was considered in our earlier paper [26] where we introduced the Hamiltonian of the discrete spectrum H − which is a compact operator and has only the discrete (or bound) spectrum. The bound state spectrum of the pure-adiabatic ∞ H + 2 ion is the spectrum of a nuclear (or kernel) compact operator H − which has an infinite spectrum of bound states and the sum of all its eigenvalues is finite (the sum of their absolute values is also finite). The general classification of bound state spectra in arbitrary Coulomb threebody (or N−body) systems is based on a number of facts known from spectral analysis of the compact operators (see, e.g, [27] , [28] ). The first fundamental fact is simple: the bound state spectrum of an arbitrary N−body Coulomb system has no limiting points other than zero, and all non-zero points of this spectrum are the eigenvalues each of which has only the finite-dimensional space of eigenfunctions. Since these two conditions are always obeyed for an arbitrary N−body Coulomb system, then we have to apply the second important criterion which is based on calculation of the following sums:
where p is an integer parameter, λ i is the i−th discrete eigenvalue of the Hamiltonian H − of the bound state spectrum for this system, while dim{φ(λ i )} = dim{H − (λ i )} is the corresponding dimension of the λ i −eigenspace. If the series Eq.(18), converges for p = 0, then the Hamiltonian H − of the discrete spectrum is a finite-dimensional compact operator. This is the case for all three-body negatively charged ions, e.g., for the Ps − , Mu − and H − ions. Analogously, if the series, Eq.(18), diverges for p = 0, but converges for p = 1, means that the bound state spectrum of our system is generated by a nuclear compact operator U − . In particular, this is the case for the pure-adiabatic ∞ H + 2 ion. The third case when the series, Eq.(18), diverges for p = 1, but converges for p = 2, correspond to the Hilbert-Schmidt spectrum of some compact operator which coincides with the Hamiltonian H − . This situation can be found in all neutral atoms and positively charged atomic ions, e.g., for the neutral He atom, or for the Li + ion(s). 
